Surface charges and fields of simple circuits
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Interest in the surface charges on circuits, and their utility in the conceptual understanding of circuit
behavior, has recently increased. Papers and textbooks have discussed surface charges either with
qualitative diagrams or analytic results for very special geometries. Here, | present the results of
numerical calculations showing the surface charges on several simple resistor-capacitor circuits.
Surface charges are seen to guide the motion of charges and create the appropriate electric potential
and Poynting vectors for the circuit, and hence are an important factor in the teaching of circuit
theory. © 2000 American Association of Physics Teachers.

[. INTRODUCTION Some lecture demonstrations have been published which
) o ~ show the electric fields and surface chargdsdetected with

recently by the introductory textbook by Chabay andgjiow arbitrary one- and two-dimensional circuits, with resis-

Sherwood (hereafter C§ They use the concept of surface o5, capacitors, and batteries, but cannot show transient re-

charges to help students understand the electric fields a@bonses, which are a few light-crossing times.

currents in a circuit, including transients that occur when one " ggme computer calculations have been done to illustrate

opens or closes a switofpedagogical details are given in e necyliarities of a 7 force law® and to augment analytic

Shherw?cod anﬁ Chabgy). Jacksofi presented thre? ro:eslfo_r calculations! White, Frederiksen, and Spoéhused a com-
the surface charges, discussed in Sec. V. Actual calculationdier simulation of a “transport model” of charges in a cir-

of the ?urface charge have not been available except for vely, it 1o study the effectiveness of various conceptual models
special geometriegsee Sec. )l in teaching electric circuits.

The present paper presents numerical calculations of Sur- jefimenko's textbod® was perhaps the first to recognize

@nd discuss surface charges in an introductory (g also

his answer to a student question about current fpw
HarteP?? discussed the pedagogical importance of surface
charges in circuits. Swart?, Swartz and Minef* and
Briffiths?® are among the texts that discuss the role of surface
charges and feedback in circuits. Chabay and Sherivood
have produced an excellent introductory textbook using sur-
face charges to link electrostatics and circuit concepts, rather
than the typical text which treats these as disjoint topics.

examples in C§Chap. §. The charge distribution is found
by a relaxation technique, which determines the self
consistent distribution of chargdand the resulting fields
for the circuits. These charges and fields result in the sam
current moving throughout the circuit. Details of the calcu-
lations are in Sec. Il and results are presented in Sec. IV.
The modeled circuits are resistor-capacifBIC) circuits,

rather than resistor-battery circuits, to eliminate the difficul-
ties modeling a battery with its nonconservative fortes.
While a RC circuit has an equilibrium current of zero, it
nevertheless can have an exponential decay which lastd- DETAILS OF THE CALCULATIONS

much longer than the time for computational transients to die Four differentRC circuits were modeled. All had parallel

out. Circuits with capacitors as the charge source are alsﬁlate capacitors 16:65.25 mm on a side, separated by 1.0
used in CS(Chap. 7 as both pedagogical and laboratory pym ~The plates were hooked together with copper wires,

exercises, and these calculations can also apply to thosgss mm in cross section. The circuits differed in the con-

cases. figuration of the wires, following examples in €gp. 208—
219.
Il. PRIOR WORK Uniform resistive wire A single fat copper wire connects

the capacitor plates. This is the simplest circuit, and shows

Only a few circuit geometries are amenable to analyticvarious polarization effects as well as the “guiding charges”
solutions: the infinite straight wire or coaxial wirédinite  for the current(see Fig. 1 and Sec. IV)A
coaxial wires! circular loop$ a spherical battery,and a Lumped resistarThis circuit has a region with one-tenth
‘squared coil® or ring*® in magnetic fields. None of these the conductivity of coppefa resistoy. This model illustrates
circuits looks very much like the ones in introductory text- the surface charges which occur when there is a discontinu-
books. ous change in the conductivifgee Fig. 5 and Sec. IV)B

Rosset! gives a short calculation showing the small num-  Narrow wire This circuit has a region with a narrow cop-
ber of charges needed to guide current through a bend. Siper wire. This model illustrates surface charges piling up on
erwood and Chabdygive an extensive review of this litera- either side of a resistor to create uniform current fieee
ture. Fig. 7 and Sec. IVC

Analytic solutions are found by solving Laplace’s equa- Sinuous wireThis circuit has a single copper wire snaked
tion, which gives time-independent results. These solutiong a sinuous path. This model illustrates the global nature of
cannot, therefore, show the transient behavior of the circuithe circuit and the strongly coupled nature of the chaf§es.
before the establishment of steady stathich is important In one portion of the circuit, the current must flow in the
pedagogicall§12-14. direction opposite to that of the dipole electric field of the
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tium computers, parallelizing the calculatjoiThe calcula-
tions are stopped when the electric fields reach steady state
(i.e., when the electric fields and charges have stopped
changing, except for the slow decay on the time s&dk:
Extending the calculation results only in the capacitor slowly
discharging and all the electric fields and surface charges
slowing decreasing to zero.

This calculation can either be viewed as a relaxation tech-
nique (where the charges are moved to produce a self-
¢ consistent electric fieldor as a time-dependent calculation.

As mentioned before, the equilibrium current iflR& circuit
is zero, but the circuit is in exponential decay far longer than
the time for the calculation to relax. The short relaxation
time makes the concept of a relaxed solution with nonzero
-1000 current meaningful.
Viewing the calculations as the time response of the cir-
Flg 1. The diagram is a cross section through the midplane of the Cil’CUitcuit presents problems because retardatlon effects have been

The white to black shades represent excess charges, ranging betwe ored: The charges in E are not the charaes at a time
+1000e/mm?® (the charges on the capacitor exceed this range, which WasﬁilrI ) 9 (2) 9

chosen to illustrate the surface charges on the WwifBEise arrows plot the ric e_ar“er than now, but are the gharggjﬁt now, and so all
square root of the electric field. The large field vectors between the platelfansient effects are suspésee Hatel, pp. 16 and 17, for
have been omitted. a discussion Once steady state has been reached, however,
the differences between one step and the next can reasonably
be taken as reliable, and these differences are used for the
galculation of the displacement currgiig. (5)].

The magnetic field and Poynting vector were also calcu-
lated for these systems. The magnetic field was calculated
élsing the Biot—Savart law,
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capacitor. The development of steady-state current flow i
pedagogically interesting (details to be published
elsewher#). See Fig. 8 and Sec. IV D.

The circuit is assumed to obey a Drude model: The wire

are filled with equal densities of positive and negative o JXr
charges of magnitude, and the local current density is re- B= i 4; r—sz (4)
lated to the electric field and the conductivity

with J=J.+J4, the sum of real and displacement current

J=oE. @ densitiesz.g The real current density is found from E(R)
The circuit is divided into cubic computational cells 0.25 and the displacement current density from
mm on a side, and contains approximately Xa@®0x 20 JE
=2X10° cells. Any excess charge is assumed to reside in Jy=€o—. (5)
the center of each cell. The electric field is calculated at the at
center of each face of a cell by Coulomb’s law, The time derivative is found by the difference between two
qir, steps of the fully relaxed solution, when the computational
E=D, —, (2)  transients have passed and we have just the slow decay of the
T Ameol] capacitor’s charge.

g The range of magnitudes of the electric field and Poynting
the center of cell. This is done by direct summation, rather VECIOrS is 100 great to easily plot, so the square root of the
' magnitude of the vectors is plotted in the figures. The very

than one of the tree cod@sor other high-powered tech- ) _ S .
niques, because the number of cells is relatively small. Thigd'9€ and uninteresting electric fields between the capacitor
gates are not plotted.

impl hni | hat fresh hysi . .
simple technique aiso means that freshman physics studerf? Ideally, the charges should reside entirely on the surface of

can understand how the calculations were performed. p . d d no di o=
Charges are then moved from one cell to another acros@erfon “%torsf ?SSl_JI_rE'”g sltee|1 y gta’ge an nho |scont|rr]1U|t|es
the face, thus conserving charge, according to(Eg(mul- N the conductivity. The calculated circuits, however, have
tioli 2 small amounts of charge in the interior of the wires. These
iplied by s“At), S . .
charges result from the unrealistic discreteness in the posi-
Aq=cE,s?At, (3)  tion of the charges, caused by the necessity of employing a
whereE. is the normal component & at this surfaces? is finite number of cells. Other calculatiorisot shown show
n p2 - 50 > 1 that the charge density falls by about one order of magnitude
the area of the facg0.25 mnT"), andAt=5X10"""s. This {51 each cell inward from the surface, and so higher resolu-

very small time was chosen so the fractional change in thgon studies would have even less unphysical charge in the
charge of a cell was small, typically less than 1%. interior of the wires.

The calculation is started by placing10°e/mn¥ on the
inner faces of the capacitor, with the rest of the circuit neu-
tral. The program makes a loop over all the cells in the!V- RESULTS
circuit, calculating the electric field on each cell face andA Uniform resistive wire
moving charges based on that field and the conductivity. The™ ! Sistive wi
process is then repeated with the new charge configuration. This is the simplesiRC circuit examined(see Fig. 1
The figures are shown after approximately 200 such step#/ithin limitations due to finite-size effects, all the charges
(each step requiring about 1 h on three dual-processor Peare on the surfaces of the conductors. The electric field of the

wherer; is the distance between the center of the face an

1003 Am. J. Phys., Vol. 68, No. 11, November 2000 Norris W. Preyer 1003



<

N\| 7

~| -

N ~~——r ] ~~—— -~ ~
] ———~~ ~
[ . iz =y 7 AN NN
\

N
\
\
\
\
\
\

Fig. 3. A plot of the equipotentialdrom +2.5 to—2.5 V in steps of 1/3 V.
© . Positive (negative equipotentials have a solidlashed line.

Fig. 2. These diagrams illustrate the relaxation of the solution, from the

initial conditions in(a) to the steady-state solution iid). The panels are . . . .
after 0, 10, 40, and 160 steps. The scale is the same as Fig. 1. The lines pme middle of the bottom wire. Unlike the other models, this

the square root of the electric field inside the wires, and the arrowheads hav@xample has excess surface charges at the interior boundary
been omitted for clarity. where the conductivity changéghis result comes from ap-
plying Gauss’s law across the boundaryhese surface
o . . _charges resemble those of a parallel-plate capacitor, and in-
capacitor is basically dipolar, but the surface charges modify,rease the electric field in the low-conductivity region and
the field inside the wires so the field is uniform in magnitudeyecrease the field in the high-conductivity region. This re-
and parallel to the wires, thus creating a uniform flow ofgyjts in equal current flow through all parts of the circuit.
charges. _ . Plots of the equipotentialéFig. 6) show the much greater
Figure 2 shows the progress of the relaxation solutiorygtential drop across the resistive region. As discussed
from the initial configuratioriFig. 2a)] to steady statgFig.  apove, the equipotential lines are parallel to the Poynting

2(d)]. The figures are plotted after 0, 10, 40, and 160 steps,ectors, so we also see the much larger energy flow into the
These figures should not be taken as the actual transient rgssistive region.

sponse of the circuisee Sec. Il), but do help isolate spe-
cific features.

Initially, the electric field is just that of a finite dipole. This
electric field causes large polarization charges on the inner This circuit (Fig. 7) has high-conductivity copper wires
and outer surfaces of the wirgiSig. 2(b)]. Note, too, that the throughout, but a narrowed region in the bottom witlee
charges do not remain on the inner surfaces of the capacitors,
but some move to the outer surfaces due to the fringe field of

C. Narrow wire

the finite capacitor. This fringe field drives charges away 4 4 44 4 a ey iy haaaaaa
from the plates and around the circ(iRef. 1, pp. 140-143 I I N 2 A L TR ST NP PN

The remaining steps to steady state involve primarily ac- s 42 as s t I N R SN
cumulating surface charges in the corners of the circuit 4544000 U AR LN W
(these charges then deflect current from the cojraarg pro- rPrsasse v DR
ducing the appropriate gradient of charge to modify the elec- Pramaas ' s T
tric field in the wires. The net effect is that the electric field : : : :
in the wires changes from the dipolar field of the capacitor to v, « v
a field with uniform magnitude everywhere parallel to the ‘9 . iy -
wires (details of the feedback process are in Préjer <9 . 4 a ’o»

Figure 3 plots the equipotentials for this system. Note the R ~ % PR, ’o»
even spacing of equipotentialappropriate to uniform con- 1 sww N ’ >
ductivity), and compare with the Poynting vectors in Fid. 4. AR PPl B ’ o
Since the electric field is the plane of the figure, and the A ’ >
magnetic field is perpendicular to the plaganust lie in the : : v
plane and be perpendicular Ey and hence parallel to the A% m v 979920y : :
equipotential lines. Note the energy flow is from the capaci- A A e vt oy .

tor to the resistive wires, as expected.

Fig. 4. A plot of the Poynting vectors in the exterior of the circ(itie
B. Lumped resistor Poynting vector is nonzero inside the wires, but this is not showhe
L. . . . . arrows plot the square root of the magnitude of the vectors. The text dis-
This circuit(Fig. 5 has a lumped resistance: a region with cusses the relationship of the Poynting vectors with the equipotential lines of
a conductivity one-tenth that of the copper wires, located irFig. 3.
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Fig. 5. The diagram is a cross section through the midplane of the circuit ofig. 7. The diagram is a cross section through the mid-plane of the narrow
Fig. 1, but with a resistive region in the bottom wire. The white to black wire circuit. All the wires have the same conductivity. The white to black
shades represent excess charges, ranging betweHd0Oe/mn? (the  shades represent excess charges, ranging betweEd0Oe/mn? (the
charges on the capacitor exceed this range, which was chosen to illustrag®arges on the capacitor exceed this range, which was chosen to illustrate
the surface charges on the wirehe arrows plot the square root of the the surface charges on the wireShe arrows plot the square root of the
electric field. The large field vectors between the plates have been omitte@lectric field. The large field vectors between the plates have been omitted.

V. DISCUSSION
wire is narrow out of the plane of the page, as yellgain,

capacitor-like charges form, increasing the electric fiald Jacksofl describes the three roles of surface charges in
hence current densitythrough the narrow region and de- circuits: “(1) to maintain the potential around the circui)
creasing the field and current density in the wider wires. to provide the electric field in the space around the circuit,
(3) and to assure the confined flow of current.” Within the
. _ limitations of finite-size effects, the present calculations il-
D. Sinuous wire lustrate these three roles.
(1) As Figs. 3 and 6 show, the equipotential surfaces be-

All the previous circuits basically drive current in the di- pave reasonably: a small gradient where the conductivity is

rection of the dipolar field of the capacitor. This circ(Hig.
8) is of interest because of the highlighted region, where
current is flowing in a direction opposite to that of the dipo-
lar field. CS(Ref. 1, pp. 208—21)0use this example to illus-
trate the importance of the surface charges: Besides fine-
tuning the electric field of the source, they can also reverse
the field direction completely. Pedagogical details of the
equilibration of this circuit will be presented elsewhéfe. rj Spi
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Fig. 8. The diagram is a cross section through the mid-plane of the sinuous
Fig. 6. A plot of the equipotentialdrom +2.5 to—2.5 V in steps of 1/3 ¥ wire circuit. All the wires have the same conductivity. The arrows plot the
for the lumped resistor circuit. Positivenegative equipotentials have a  square root of the electric field. All field vectors external to the circuit have
solid (dashedl line. been omitted.
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